Abstract: Inspired by the precision test of the Standard Model in future linear colliders, the numerical analysis on process e + e − → HZ 0 γ is carried for the SM and 2HDM at the tree level including all possible diagrams. The numerical analysis is performed including the current experimental constraints. Taking into account the polarization of the incoming electron and positron beams, the process is analyzed for various configuration of the colliders. The production rate of HZ 0 γ in SM and 2HDM are presented in the future linear colliders as a function of center-of-mass (CM) energy. Besides of these, differential cross section as a function of rapidity and asymmetry in the forward-backward direction are also examined. The unpolarized cross section gets up to 13.29 (10.5) fb at √ s = 350 (500) GeV in 2HDM and it declines with increasing energy. Polarizing the incoming beams enhances the cross section up to 2.25 (3.5) in SM (2HDM).
Introduction
The last missing part, the Higgs particle, which is also the proof of the electroweak symmetry breaking mechanism in the Standard Model (SM), was discovered at the LHC [1] [2] [3] [4] . The production and decay channels of the Higgs particle have been studied extensively since then. The measurements show that the couplings and the interactions it has are close to the SM. On the other hand, it is possible that the SM is a low energy approximation of a bigger theory of which have been studied broadly in the last decades. One possible extension of the SM is to extend only the scalar sector of the model and study the implications of such hypothesis. One of these models is called two-Higgs-doublet (2HDM), a new Higgs doublet is added to the theory which has the same hypercharge so that these two Higgs doublets could couple to the fermions and give mass to leptons, quarks, and electroweak bosons. In 2HDM, there will be charged Higgs bosons (H ± ) and three neutral Higgs bosons (h 0 , A 0 , H 0 ) [5, 6] . Adding this extra doublet appends new couplings and interactions to the SM, in a result rich phenomenology especially for the Higgs physics arises.
The discovery of a scalar state at the LHC has arisen the question of which model it belongs to, and many studies for its properties have been done, and many experiments still continue. All the results presented by the ATLAS and CMS collaborations show that it resembles SM Higgs boson. Therefore, lepton colliders for studying the properties of the Higgs boson running at the center of mass energies around 240 -500 GeV are excellent machines. Various proposals for future lepton colliders, in particular, for Higgs factories, have been submitted. These are the Circular Electron-Positron Collider (CEPC) in China [7] [8] [9] , the Future Circular Collider (FCC-ee) [10] at CERN [11] , and the International Linear Collider (ILC) in Japan [12] . In all these proposals, the electron-positron collisions are planned, and indeed they are excellent machines to produce many Higgses for exploring its properties and for precision studies.
One of the well-motivated channels at the e + e − colliders is the production of Higgses with gauge bosons and fermions, namely the production of HZ and Hν eνe channels where c HZZ and c HW W couplings, as well as Higgs total decay width, could be determined [13] [14] [15] [16] [17] [18] . Studying double Higgs-strahlung along with WW double-Higgs fusion make it possible to measure the triple Higgs self-coupling with astonishing precision [19] [20] [21] [22] [23] . Measuring Higgs self-couplings lets us reconstruct the Higgs potential in the Standard Model 1 . The production of HZ is studied by many authors, and it is also one of the objectives which are common to all the three lepton colliders. Besides of this process, Higgs and Z-boson could be produced in associated with a high energetic photon. In this study, we are interested in the scattering process e + e − → HZ 0 γ. This process is investigated before in ref. [24] for the SM at the one-loop level. The same process is investigated in ref. [25] considering the CP-conserving couplings between Higgs to gauge bosons within the effective Lagrangian framework and effects of these anomalous Higgs-gauge boson couplings are compared. In this work, we calculated of e + e − → HZ 0 γ in SM and also in the two Higgs doublet model including all possible diagrams. The cross section is calculated as a function of the center-ofmass (CM) energy, and the analysis is carried in various lepton collider. Several polarization configurations of the electron and the positron beams are also assumed. The cross section in 2HDM is analyzed for the free parameters of the model. Forward-backward asymmetry of the Z-boson and the photon, differential cross section as a function of the rapidity are presented for each model, and discussions are carried for the colliders assumed.
The layout of this paper is organized as follows. In section 2, the theory of the 2HDM, all the constraints, and assumptions in the calculation of the process are discussed. In section 3, analytical expressions regarding the kinematics of the scattering, the cross section in a e + e − machine, and the polarized electron-positron beams are emphasized. In section 4, numerical results of the total cross section and all other calculations are presented. The conclusion is drawn in section 5.
Theoretical framework of the 2HDM
In this section, the phenomenology of the 2HDM, the scalar potential of the model and the free parameters are presented. The model and a detailed introduction to the framework studied before by various authors [5, 6, [26] [27] [28] . Consequently, we give a brief summary of the 2HDM particularly the scalar potential and the free parameters in the model. 2HDM is constructed by adding a second SU (2) L Higgs doublet with the same hypercharge (Y = 1) to the scalar sector. We choose to impose a discrete symmetry called Z 2 to avoid flavorchanging-neutral-currents in a simple way [29] , then the scalar potential could be written as in Eq. 2.1.
where all the coupling constants are real, in general the parameters m 2 12 and λ 5 could be complex but we take them real for simplicity. Φ i , (i = 1, 2) are the Higgs doublets with the same hypercharge assignment.
Following the prescriptions defined in ref. [30] the masses of all the extra Higgs boson could be calculated as usual. Firstly, the potential minimum conditions are applied, and several constraints are obtained. Secondly, these conditions are substituted into the scalar potential to eliminate m 11 and m 22 , then redefining the Higgs doublets presented in detail in ref. [26, 31, 32] , the scalar potential could be decomposed into a quadratic term plus cubic and quartic ones. Finally, diagonalizing the quadratic mass terms, we could easily obtain the physical Higgs states and their masses. Cubic and quartic terms define the couplings and the interactions in the model. The mass of charged and CP-odd Higgs states are defined as following
where β is defined as the ratio of the vev of the Higgs doublets (tan β = v 1 /v 2 ). The mass of the CP-even states becomes
where R is a unitary rotation matrix which diagonalizes the CP-neutral Higgs mass matrix [27] as a function of (β −α). After the discovery of the Higgs boson at the LHC, conventionally h 0 state is defined to be the SM-like Higgs boson with the same mass and couplings. This chose is called the alignment limit where (β − α) = ±π/2. Then, the rotation angle sin(β − α) defines the mixing among the CP-even Higgs states. In this study, we the exact alignment limit is taken and sin(β −α) = 1, consequently, h 0 became indistinguishable from the Standard Model Higgs boson. As a result, the free parameters of the model are the masses of the neutral Higgs bosons (m h/H 0 /A 0 ) and charged Higgs bosons (m H ± ), the ratio of the vacuum expectation values (tan β), mixing angle between the CP-even neutral Higgs states (α) and the soft breaking scale of the discrete symmetry m 2 = m 2 12 /(sin β cos β) [33] . Finally, we move to the Yukawa sector of the 2HDM. In the SM, diagonalizing the mass matrix diagonalizes the possible Yukawa interactions automatically, and there will be no tree-level FCNC. However, in 2HDM, Yukawa coupling matrices η F 1 and η F 2 defined in ref. [34] are not simultaneously diagonalizable unless they set to be proportional to each other. Thus, the rotated Yukawa coupling matrices κ F and ρ F are also proportional to each other and can be diagonalized simultaneously. As a result, these FCNCs can not cause severe phenomenological difficulties, especially in flavor physics. To suppress the FCNC at the tree-level the same discrete symmetry (Z 2 ), which was defined before for the scalar potential, is extended to Yukawa sector like Higgs-fermion interactions. As a result, these interactions could be written in a couple of four different and independent ways. Thus, four possible types of couplings between fermions and Higgses are obtained which are named Type-I to -IV [5] . Therefore, the m 2 12 term in Eq. 2.1 ensures the breaking of the discrete symmetry softly. In the computation, Yukawa coupling scheme does not make a noticeable effect on the cross section for that we do the calculation only considering the Type-I Yukawa structure, though, the results are the same in the numerical precision for Type-II as well.
3 Machinery for the numerical analysis and benchmark point
Analytical expressions for the process
In this section, we present the machinery for the calculation and conventions for the scattering process e + e − → HZ 0 γ. Throughout this paper, the process is denoted as
where k a (a = 1, ..., 5) are the four-momenta of the incoming positron and electron beam, outgoing Higgs-boson, Z-boson, and γ, respectively. Additionally, the positrons and the electrons are characterized by their spin polarization µ and ν. Feynman diagrams which contribute to the process e + e − → HZ 0 γ at the tree-level in SM and 2HDM are shown in figure 1 . The 2HDM Lagrangian and detailed phenomenological discussions are given in [6, [26] [27] [28] , then the vertices are obtained easily using FeynRules [35, 36] . Having defined all the vertices, the amplitude for each of the diagrams are constructed using FeynArts [37, 38] , the simplification of the fermion chains, squaring the corresponding amplitudes, and the numerical analysis are accomplished using driver program in FormCalc [39] routines. The expression for the cross section is defined below, where the amplitude is squared and summed over the polarization vectors, and it is defined as an integral over a 4-fold differential cross section [40] .
where Φ (2) = 2 λ(s, m 2 e , m 2 e ) is the flux factor for the incoming e + e − beams. In the calculation of the cross section, the Monte-Carlo integration methods over the phase space of the final states are employed and, in particular, CUBA routines are used. Therefore, the cross section σ(s; P e + , P e − ) for an arbitrary degree of longitudinal beam polarizations is defined as σ(s; P e + , P e − ) =
3) at the tree level in 2HDM. Therefore, the diagrams which contribute to the process in SM are indicated by red dot (the last two rows) and red field name.
where σ LR stands for the cross section if the positron beam is completely left-handed polarized (P e + = −1) and electron beam is completely (P e − = +1) right-handed polarized. The cross sections σ RL , σ LL and σ RR are defined analogously. Note that due to the nature of the scattering process σ LL and σ RR doesn't make significant contribution and we could safely neglect these polarization configurations in the calculations. Due to the massless nature of the photon and the phase space of the outgoing particles, soft and collinear IR singularities appear naturally in the calculation of the cross section. For that reason, motivated from photon energy resolution of the experimental apparatus (detector), we applied various cuts on the transverse momentum (p γ T ) and also on the rapidity (|y γ |) of the photon. As a result, the cross section is calculated in a realistic environment. The transverse momentum of the photon is set to be p γ T > p γ T,cut = (5, 10, 15, 20, 25) GeV and the rapidity of the photon to be in the central region of the detector (|y γ | < 2.5).
Constraints and benchmark scenario in 2HDM
2HDM is studied and searched in the previous and still ongoing experiments, many results are pilled up, and all these restrict the parameter space of the 2HDM from various angles. We performed the calculation following these experimental and also those established in theoretical point of view which are the perturbativity, unitarity [41] of the model and stability of the scalar potential [42] [43] [44] [45] [46] . Stability of the scalar potential ensures that the scalar potential in 2HDM is positive even at the large values of the field. Unitarity ensures that the scattering amplitudes are flat at asymptotically large energies. Perturbativity is the condition where all the quartic couplings in the theory need to be smaller than a particular value. To test whether these theoretical constraints are fulfilled, we used the software 2HDMC-1.7.0 [47] .
The experimental restrictions are motivated by the recent updates particularly coming from the current flavor limits presented in ref. [48] and references therein. Charged currents are important for the flavor observables because they can make novel contributions. LEP experiment, Tevatron, and LHC put constraints on the mass of the charged Higgs boson and also on the t β . More recent results are given in ref. [49] and the references therein. Therefore, we don't need to respect the constraints on the charged Higgs mass, because it doesn't make any contribution to the process (see figure 1) .
Inspired by the ref. [48] and the results presented by LHC [49] , we set masses for all the extra Higgs bosons to be m H 0 = m A 0 = m H ± which also pleases the constraints on the oblique parameters [50] [51] [52] [53] [54] [55] . Further, the parameter s β−α fixed to unity which assures that the couplings of light Higgs (h 0 ) resemble the discovered SM Higgs-boson, in this case, the CP-even Higgs boson (H 0 ) can not decay into vector boson pairs. As stated by the authors, low t β values are strongly constrained byB(B 0 s → µ + µ − ) and also by the neutral meson mixings ∆M s in Type-I, as a result, t β > 1 is taken. Therefore, the masses of the scalars are not constrained on large t β range compared to the Type-II. The process is examined in 1 < t β < 40 range. We also explored the cross section in Type-II, as in the Type-I, we set the same masses for all the extra scalars. s β−α = 1 is taken and due to the dominant constraints from B(B → τ ν) and B(B 0 q → µ + µ − ) high t β are excluded. The parameter range is defined in table 1, and more thorough discussion is delivered in ref. [48] (especially figure 3 and 
Results and discussion
In this section, the numerical results for the production of HZ 0 γ in a e + e − -collider for the SM and 2HDM are presented and discussed. The SM parameters are taken from ref. [56] where m e = 0.51099892 MeV, m Z = 91.1876 GeV, s w = 0.222897, and α = 1/137.035999 are set. Besides of these, we used the current known value for the Higgs mass m H = 125.09 GeV [1-3].
Cross section distributions
Taking into account the parameter space for the 2HDM, the numerical analysis is carried out for unpolarized and also polarized incoming beams. In figure 2 , the distributions of the cross section are given for various polarizations as a function of the CM energy. Besides, the proposed energy of each future lepton colliders is indicated by vertical dashed lines. On the left side, the distributions for the SM are plotted, while on the right 2HDM is shown. The cross section obtained for the SM is in good agreement with the results presented in references [24, 25] at the tree-level. The unpolarized cross section reaches up to 5.04 fb right around the planned collision energy of the FCC-ee collider ( √ s = 350 GeV), and it slowly declines at higher √ s values. At the ILC ( √ s = 500 GeV), the unpolarized cross section gets σ U U ∼ 3.96 fb. However, compared to these two colliders the proposed CEPC running at √ s = 240 GeV could still probe the process but not significant as those, the cross section is around 0.91 fb. Therefore, if the future linear collider is capable of polarizing the incoming electron and positron beams, as it can be seen in figure 2 , the cross section enhances dramatically. If the positron beam is completely left-handed and electron beam is right-handed, σ LR is around 7.92 fb, in the opposite case where polarization is set to (+1, −1), σ RL ∼ 12.24 fb. Besides of these, two polarization configurations are also plotted in figure 2 where the peaks are around the FCC-ee operation range and σ (+0.3,−0.8) ∼ 7.44 fb and σ (+0.6,−0.8) ∼ 8.97 fb. We can see that polarizing the beams enhances the cross section up to a factor of 1.8. ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲▲▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲▲ ▲▲▲ ▲▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲▲ ▲▲▲ ▲▲▲ ▲▲▲ ▲▲ In figure 2 (right) , the same process in 2HDM is investigated. The cross section for possible polarizations of the e + e − beams is presented. Compared to the SM, the cross section in 2HDM is much bigger. If it is not stated otherwise, we set m H i = 200 GeV and t β = 10 in the computation and the figures presented in this section. The unpolarized cross section is around σ U U ∼ 13.29 fb for the planned FCC-ee project. In addition to this, the cross section for the completely polarized beams gets σ RL ∼ 46.33 fb and σ LR ∼ 6.83 fb at √ s = 350 GeV. The distribution of the cross section as a function of the energy in 2HDM has the same trend as the SM distributions, around √ s ∼ 340 − 350 GeV it peaks then decreases rapidly moving to higher energies due to the suppression of the 1/s. Therefore, at the CEPC project, the cross section is around σ U U = 2.42 fb, it is much lower than the other future linear collider projects since, at √ s = 240 GeV, it barely passes the kinematical threshold of producing Higgs, Z-boson and γ with the transverse energy of 10 GeV. However, CEPC still has the potential to explore this process. For the ILC ( √ s = 500 GeV), the cross section reaches σ U U ∼ 10.5 fb. The polarized cross section at the FCC-ee ( √ s = 350 GeV) reaches up to σ(+0.3, −0.8) = 27.34 fb and σ(+0.6, −0.8) = 33.49 fb in 2HDM. Polarizing the e + e − -beams by (+0.3, −0.8) and (+0.6, −0.8) raises the cross section up to a factor of 2.1 and 2.5 for the 2HDM compared to the unpolarized values, respectively. In figure 3 , we scanned the possible polarization configurations for the incoming beams and calculated the cross section. On the left side, the SM and on the right the 2HDM are given. On each figure the ratio of σ(P e + , P e − )/σ U U is plotted as a function of (P e + , P e − ). The figures indicate clearly that on both models, polarizing the positron beam by righthanded and electron beam by left-handed the cross section is maximized. However, an increase is also possible on left-handed e + and e − beams in the SM, while there is no enhancement for this polarization configuration in the 2HDM. It can be seen that in figure  3 (right), the enhancement is raised up to a factor of 3.5 at the left top corner. Moving to the free parameters of the model, the production rate of the HZ 0 γ in 2HDM is calculated for varying the masses of the extra Higgs bosons and t β in the range defined in table 1. An important point which needs to be emphasized is that the process is not dependent on the Yukawa coupling scheme for the parameters defined in table 1, the same results are obtained for all the future collider projects. If t β and the masses of the extra scalars are set on particular corners of the phase space of the free parameters, some configurations for the couplings are possible where the cross section is enhanced notably.
In table 2, the cross section values for the e + e − → HZ 0 γ at different CM energies (and colliders) are given both on SM and 2HDM for different cuts on the photon's transverse momentum (p γ T ). We can see that, raising the p γ T,cut clearly cuts the cross section. The effect is most dramatic for the CEPC due to the collider CM energy. However, if the photon's transverse momentum is set more than p γ T,cut = 15 GeV the cross section values we get are 0.24 fb for SM and 0.66 fb for 2HDM. Since, that p γ T,cut is dependent on the apparatus, an electromagnetic calorimeter with better energy resolution will increase the number of events possibly detected on the detector dramatically. Considering the other lepton collider proposals, FCC-ee and ILC, the cut on the p γ T is not vital, but as it is expected, raising the cut lowers the cross section. If the electromagnetic calorimeters which will be constructed on each experiment have a low energy resolution, then it will be possible to trigger the events with greater acceptance. 
Differential cross section distributions
In this analysis, we also calculated the distribution of the differential cross section in e + e − → HZ 0 γ as a function of the photon's rapidity at the CM energies of the three future lepton collider projects. On the left (right) side of figure 4, dσ/dy in SM (2HDM) is plotted where it can be seen that at √ s = 350 GeV the photons are scattered more in the central region.
Moving to √ s = 500 GeV the slope of the distribution is reduced and the differential cross section decreases slowly at high rapidities for both of the models. Assuming the CEPC, due to the small phase space to produce HZ 0 γ, the differential cross section is small but still possible to observe.
Asymmetry distributions
Finally, we explored the asymmetry distribution between the Z-boson and the photon produced in the process. The asymmetry is defined below as
As usual we applied the p γ T > 10 GeV and |y γ | < 2.5 cuts in the calculation. In figure 5 (left), the asymmetry is plotted as a function of CM energies in the 0.23 -1 TeV range for unpolarized beams. In the computation, we obtained that most of the events are collected in the backward direction for the case of unpolarized beams. Due to that, the asymmetry distribution becomes negative and around the √ s = 240 GeV (at the CEPC) it gets a value of -0.25. Moving to higher CM energies the asymmetry reaches a peak around √ s = 260 GeV then falls down meaning that more events are accumulated in the backward direction compared to the forward direction. Therefore, at small energies, the asymmetry for the SM and 2HDM are close to each other and at higher energies, they split up. The asymmetry at √ s = 1 TeV is obtained -0.38 for the SM and -39.5 for the 2HDM. We also calculated the percentage of deviation (100 × (A 2HDM FB − A SM FB )/A SM FB ) from the SM as a function of the CM energy in figure 5 (right). It can be seen that in the 0.5 − 0.9 TeV range the deviation seems steady. According to the distributions in figure 5, they suggest that the forward-backward asymmetry is a quantitative estimator for distinguishing the 2HDM from the SM. We should note that the asymmetry for the SM is calculated before in [25] and unlike their result, we report that number of events gathered in the backward direction is higher than the forward direction. The asymmetry for both of the model have the same tendency on CM energy, but they split at moving higher energies. The percentage of the difference in the asymmetry can be seen in figure 5 (right) where it is around 0.5% at the CEPC. It goes up to 3.2% at the FCC-ee, it quickly reaches to 4.5% at the ILC. Then it slowly reaches a peak and falls very slowly at higher energies.
Conclusion
In this paper, we have computed the production of HZ 0 γ at the tree level in an e + e − -collider. The process is calculated for polarized and unpolarized incoming beams and also analyzed for two models; SM and a minimal extension of it called 2HDM. The extended model is investigated in light of recent experimental constraints on the charged Higgs and particularly results in the flavor physics. Polarizing the incoming beams accords the Feynman diagrams given in figure 1 and it has a potential to increase the cross section for various polarizations. Indeed, comparing each scenario shows that the cross section is enhanced up to a factor of 1.8 for left-handed polarized electron beam (P e − = −0.80) and right-handed polarized positron beams (P e + = +0.60). In 2HDM, the enhancement raises to 2.5. Polarizing the incoming beams accords the Feynman diagrams given in figure 1 and it has a potential to increase the cross section for various polarizations. Indeed, comparing each scenario shows that the cross section is enhanced up to a factor of 1.8 for left-handed polarized electron beam (P e − = −0.80) and right-handed polarized positron beams (P e + = +0.60). In 2HDM, the enhancement raises to 2.5. In conclusion, polarizing the incoming e + and e − beams, clearly, has the power to increase the production rate of HZ 0 γ and also the potential of the colliders regarding the precision test in the SM or to constrain the 2HDM.
The unpolarized cross section for the SM and the 2HDM are computed and analyzed for the future lepton colliders. Among all these three proposals, FCC-ee is the one where the peak of the cross section for the e + e − → HZ 0 γ occurs. However, even though the proposed CM energy of the CEPC is low, it still has the potential to study the process. ILC share the same remarks with the FCC-ee. The differential cross section as a function of rapidity shows that the trends in the distributions of SM and 2HDM are close to each other. More events are clustered in the central region of the scattering and employing a more strict rapidity cut does not affect the cross section significantly. Therefore, considering the asymmetry in the forward-backward scattering of the Z-boson and the photon could also be another estimator for indicating the underlying model among observables shown in this study. The LHC confirmed the existence of a scalar particle, the Higgs boson, and presented various results, however, still no sign of new physics emerged. Measuring the properties of the Higgs boson and possible hints of the extended Higgs sector are the leading motivation for these future colliders. This study shows the potential of exploring the process interested in the 2HDM and the SM.
